This paper investigates nonlinear bending and buckling behaviours of composite plates characterized by a thickness variation. Layer interfaces are described as functions of inplane coordinates. Top and bottom surfaces of the plate are symmetric about the midplane and the plate could be considered as a flat surface in analysis along with thickness parameters which vary over the plate. The variable thickness at a certain position in the midplane is modeled by a set of control points (or thickness-parameters) through NURBS (Non-Uniform Rational B-Spline) basic functions. The knot parameter space which is referred in modelling geometry and approximating displacement variables is employed for approximating thickness, simultaneously. The use of quadratic NURBS functions results in C 1 continuity of modeling variable thickness and analyzing solutions. Thin to moderately thick laminates in bound of first-order shear deformation theory (FSDT) are taken into account. Strain-displacement relations in sense of von-Karman theory are employed for large deformation. Riks method is used for geometrically nonlinear analysis. The weak form is approximated numerically by the isogeometric analysis (IGA), which has been found to be a robust, stable and realistic numerical tool. Numerical results confirm the reliability and capacity of the propose method.
Introduction
Composite materials are extensively employed in industry varying from large scale structures such as aircraft bodies, ship hulls to specific components of transport vehicles. Particularly, variable thickness panels are widely applicable and hence requiring appropriate approaches for analysis and design. A number of studies investigated isotropic beams and plates with the thickness change. Analytical analysis of flexural bars of uniform and variable thickness was presented by Fertis [1] . Ohga et al. [2] presented the transfer-matrix method for buckling analysis of thin-walled structures with variable thickness cross sections. Timoshenko and Woinowsky-Krieger [3] gave solutions of circular plates of nonuniform thickness in some particular cases. Wu and Liu [4] investigated free vibration analysis of variable thickness circular plates using the generalized differential quadrature rule. Buckling analysis of rectangular plates of linearly tapered thickness was considered by Eisenberger and colleagues [5, 6] using the extended Kantorovich method. Theories for analysis of variable thickness composite plates were also presented. Ganesan and Liu [7] carried out the nonlinear buckling analysis and the prediction of the first-ply failure of tapered laminated plates under uniaxial compression. Besides, a number of works investigated laminated composite plates with thickness change caused by ply drop [8, 9] . However, most of studies considered the linear change of thickness and there is a lack of approaches for composite plates with complex nonuniform thickness. Accordingly, in this work, a numerical method considering the laminated composite plates of variable thickness is proposed based on isogeometric analysis in which the thickness of the plates is approximated from a set of control thickness parameters using NURBS basis functions.
The idea of using Non-Uniform Rational B-Spline basis functions in finite element analysis procedure was presented by Hughes et al. [10, 11] in so-called isogeometric analysis. The method filled the gap between geometric design based on NURBS (see [12] ) and structural analysis. The smoothness and high continuity in NURBS-based finite element meshes promise more accurate solutions. Over the last decade, many efforts have been investigated in developing the method such as global refinement techniques [10, 13] , local refinement techniques [14, 15, 16, 17, 18] , quadrature rules [19, 20] . Analysis of various plate structures including vibration, bending, buckling, postbuckling and nonlinear thermomechanical stability based on IGA was widely investigated in [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44] and so on.
Nonlinear bending and buckling analysis of variable thickness composite plates are conducted in this work. Kinematics is based on first-order shear deformation theory (FSDT) in considering the global behavior of structures. von-Karman strain-displacement relations including geometric imperfections which were presented in the works of Le-Manh and Lee [27, 28] in investigating postbuckling of laminated composited plates are employed. Governing equations are constructed based on the virtual displacement principle of energy approach. In the isogeometric analysis framework, the 2-dimensional parameter space which is referred in constructing geometry and finite element model is also the one of thickness approximation. Surfaces of the plate could be arbitrarily defined, in assumption of being symmetric about the midplane, and then the thickness will be interpolated from a set of control thickness parameters using NURBS basis. This provides a flexible solution in modeling smooth nonuniform surfaces while plate theories are applicable. C 1 continuous requirements in modeling variable thickness and analyzing solutions are achieved by the use of quadratic NURBS elements. Riks algorithm is employed for geometrically nonlinear analysis. Numerical problems consisting of isotropic and laminated composite plates in various boundary conditions are carried out. Variable thickness examples are defined and examined in different amplitudes in order to demonstrate the applicability as well as accuracy of the present method.
The article is outlined beginning with a general introduction of isogeometric analysis. A brief of theoretical formulations focusing on the adjustment of kinematics and the nonuniform thickness treatment is presented in Section 3. Numerical examples describing nonlinear bending and buckling behavior of variable thickness composite plates are carried out in next Section. Some concluding remarks are drawn at last.
Isogeometric analysis
A brief recall of NURBS-based geometry and the framework of isogeometric analysis are presented in this section.
NURBS basis functions
A knot vector which defines the parameter space is a set of non-decreasing real numbers, Assuming Ξ is an open uniform knot vector, B-Spline basis functions of order p ≥ 0 are constructed using the following recursive formula [12] ,
B-Spline basis function has important properties such as,
• Constitute a partition of unity:
Considering a 2-dimensional parameter space, the basis functions are derived as,
where i = 1, 2, ..., n and j = 1, 2, ..., m. N i,p (ξ) and M j,q (η) are the basis of order p and q in Ξ = {ξ 1 , ξ 2 , ..., ξ n+p+1 } and H = {η 1 , η 2 , ..., η m+q+1 } directions, respectively.
B-Spline surface is a tensor product of a control net of n×m control points {B ij } ∈ R d and 2-dimensional B-Spline basis functions, 
where w ij ≥ 0 is the weight of control point B w ij = (w ij x ij , w ij y ij , w ij z ij , w ij ) T in homogeneous space.
Isogeometric analysis model
Isogeometric analysis proposed by Hughes et al. [10] employs NURBS basis for geometrical modelling and finite element approximations, simultaneously. More accurate solutions compared with standard finite element analysis of composite structures are usually obtained due to the higher-order continuity in the NURBS meshes, while using less total degrees-of-freedom (DOFs). In the analysis domain, dependent displacement variables and other geometric information could be approximated by the following formula,
where nC is the number of control points, s c are control parameters (i.e. displacements of control points, initial deviation of control points or control thickness parameters, etc) and R c are 2-dimensional NURBS basis functions.
In finite element subdomain, Eq. (6) could be written as,
where nCe is the number of control points per element, s e c are control parameters of corresponding element and R e c are NURBS basis functions evaluated with respect to parameter coordinates which define the element in physical space.
Theoretical formulation
In this work, first-order shear deformation is employed to consider thin and moderately thick composite plates. The kinematics of FSDT theory including geometric imperfections is carried out and constitutive relations of composite plates of variable thickness are presented in the isogeometric analysis framework.
Kinematics
Assume that midplane is the origin of material coordinate system of a perfectly flat plate. The displacement field in FSDT is defined as follows [45, 46] ,
where (u x , u y , u z ) and (u, v, w) are the displacements of a point in body and displacements of a point on midplane along (x, y, z) directions, respectively. φ x and φ y are the rotations of transverse normal of the mid-plane about the y and x axes, respectively.
When the initial configuration of the plate contains geometric imperfections, i.e. initial deviations along out-of-plane direction from being perfectly flat, this small deflection can be described as a function of inplane coordinates,
In a recent work, Le-Manh and Lee [27] applied geometric mode shape imperfection in investigating postbuckling behavior of rectangular composite plates. The effect of imperfection magnitude was taken into account. The deformed geometry of imperfect plate in FSDT could be depicted in Fig 
Constitutive relations for composite plates of variable thickness
Here, composite plates whose geometry is symmetric about the midplane are taken into account, and hence their initial configuration still can be modeled as a flat surface. The thickness of the layer k at a certain position on the midplane is a function of inplane coordinates h (k) (x, y) which could be approximated from a set of control thickness parameters h (k) c using 2-dimensional NURBS basis:
Basically, the number of control points nC and the number of control thickness parameters nC h could be different, and the parameter spaces for each of them could be also separated. However, it is more convenient to use a unique parameter space in the analysis framework. Accordingly, one control thickness parameter will be assigned at each control point to define a lamina thickness. For a composite laminate made of n laminae, there will be n × nC control thickness parameters in total. The thickness of the laminate is derived as follows
Due to the change of thickness, the extensional stiffness matrix A, the extensional-bending coupling matrix B, bending matrix D and transverse shear stiffness matrix A s vary over the plate and can be computed by
whereQ (k) andQ s are the global plane-stress stiffness and shear stiffness of lamina (k), z k (k = 1, 2, ..., n + 1) are the coordinates of interfaces along normal direction determined at a specific position on midplane via Gauss quadrature points in the integral loop and K s is shear correction factor.
The constitutive relations are then derived as follows,
where N, M, Q is the vectors of inplane force resultants, moment resultants and transverse shear force resultants, respectively.
Numerical examples
In this section, numerical problems including bending and buckling analysis of isotropic and composite plates of variable thickness are investigated to illustrate the application of the proposed approach. These plates vary from thin to moderately thick in bound of FSDT. The finite element meshes of full plates are constructed using quadratic NURBS elements in nonlinear parameterizations which lead to regular meshes in physical space. Reduced integration technique is employed to evaluate the transverse shear terms in Gauss quadrature. Convergence tests are not shown in details for the sake of brevity. For illustration, 6×6 quadratic NURBS elements are employed for analysis. Mesh refinement will be stated as necessary. Riks method is used for nonlinear analysis with the tolerance of displacement convergence δ = 10 −3 . In buckling analysis, geometric imperfection is applied on the plates in primary mode shape with the normalized amplitude ∆ =w c /a = 10 −5 , (see Ref. [27] ).
The arc length methods for nonlinear analysis have been well known for the capacity of tracking equilibrium paths through limit point at which the tangent stiffness matrix K T becomes singular. Among the methods, Riks algorithm is widely used. Reddy [47] gave an explanation of the scheme and provided a detail of computational algorithm. The residual vector is a function of both displacement u and load parameter λ: R (u +w, λ) = K (u +w) − λF; wherē w is the imperfection vector, K is the direct stiffness matrix andF is the preference load vector. In this study, the tolerance of displacement convergence is δ = 10 −3 .
The non-dimensional material properties are defined as: For isotropic plates: E = 3×10 6 and ν = 0.25, and for composite plate: E 1 /E 2 = 25, G 12 /E 2 = 0.5, G 23 /E 2 = 0.2, G 13 = G 12 and ν = 0.25.
Isotropic square plates of linearly tapered thickness along x direction
The model of a square plate with the thickness h linearly decreasing along x direction is depicted in Fig. 2 . Inplane dimension of the plate is a×a. The tapered ratio α, i.e. the slope of the tapered surface, is defined by
whereh is the uniform thickness, α = 0, of the plate which has the same volume with those of tapered thickness. The top surface of the plate could be described as the following function
Moreover, the bottom surface is geometrically symmetric with the top surface about the midplane. In this example, isotropic square plates are investigated. The non-dimensional geometry and uniform thickness are assumed as a=10 and h=0.2 (a/h = 50). In bending test, the plate is clamped at AD and subjected to increasing uniform transverse load, deflection of point M is measured. In buckling test, all 4 edges of the plate is simply-supported (SS1), uniaxial compression load is applied in x direction and central transverse displacement at origin O is measured:
SS1 at AD and BC : w = φ y = 0 (21a) SS1 at AB and CD : w = φ x = 0 (21b)
The transverse displacement w, uniform transverse load q and compression load N are normalized asw
whereD is the flexural rigidity of the plate of uniform thickness , i.e. tapered ratio α = 0.
The solutions are given in Fig. 3 and Fig. 4 . In bending test, linear responses of the cantilever plates under uniform transverse load are obtained. It is also reasonable that the larger tapered thickness ratio α results in smaller deflection. Fig. 4 presents buckling and postbuckling path of imperfect isotropic square plates under uniaxial compression load in x direction. The results are in good agreement with ones of uniform thickness α = 0 given by Sundaresan et al. [48] and Le-Manh and Lee [27] . It can be seen that when increasing the slope of tapered surfaces, the critical load of the plate significantly decreases. This indicates that stability analysis should be taken into account in designing tapered structures.
4.2.
Isotropic square plates of linearly tapered thickness along the diagonal direction In this problem, isotropic square plates of tapered thickness in two dimensions are investigated. The thickness h is gradually changes along the diagonal DB of the plate, Fig. 5 . In this case, the tapered ratio α and the top surface of the plate could be derived as follows
It should be noted the plates with different tapered ratios have the same volume. Non-dimensional geometry and normalized parameters are similar to the previous example. In bending test, edge AD and CD are under simply-supported (SS2) in Eq. (27) . The plate is subjected to increasing uniform transverse load and corresponding transverse displacement is computed at the corner point B. In buckling test, boundary conditions SS1 in Eq. (21) are applied and the plate is under biaxial compression loads in x and y directions:
SS2 at AD and DC :
The results of bending test are shown in Fig. 6 . It is interesting to observe the different behavior in linear and nonlinear analysis. When increasing the tapered ratio α the linear bending deflection decreases, however, when the transverse displacement is considerably large, higher tapered ratio results in larger nonlinear bending deflection. Buckling and postbuckling path of the isotropic square plates under biaxial compression loads are plotted in Fig. 7 . The critical buckling load notably decreases when the slope of tapered surfaces increases.
4.3.
Symmetric cross-ply (0/90) s laminated composite square plate of linearly tapered thickness along x direction Considering a cantilever symmetric cross-ply (0/90) s square laminated composite plate of tapered thickness along x direction. The non-dimensional inplane dimension and uniform thickness of the plate are a=10 andh=0.2 (a/h = 50). Cross section of the laminate in x − z plane is depicted in Fig. 8 . The thickness of each ply is equal together at any position over the plate. Boundary and load conditions for bending and buckling analysis are similar to example 4.1. Uniform transverse load q and compression load N are normalized as follows,
The obtained transverse displacement versus loading curves are shown in Fig. 9 for bending analysis and Fig. 10 for buckling analysis. Behavior of the cantilever symmetric cross-ply laminate has the similar pattern with the clamped isotropic plate. The deflection of the cantilever composite plate decreases when the tapered ratio α increases, and the buckling load also drops considerably. The results of bending test are given in Fig. 11 . It can be seen that in linear bending analysis there is an unpredictable development of the deflection with respect to the increase of tapered ratio α. Therefore, nonlinear analysis should be considered in designing plates of tapered thickness, especially in cases of complex boundary conditions. Besides, critical load of the symmetric angle-ply (45/-45) s laminate under biaxial compression loads notably drops when increasing the slope of the tapered surface, see Fig. 12 .
Composite square plates of thickness as a sine wave
In this example, nonlinear buckling of composite plates including isotropic square plate and symmetric cross-ply (0/90) s laminated composite square plates of variable thickness is examined. The top surface of the plates is described as a sine wave function, Eq. (30), and the bottom surface is geometrically symmetric with the top surface about the midplane. The cross section of the plates are illustrated in Fig. 13 . Non-dimensional inplane dimension and the uniform thickness are a=10 andh=0.5 (a/h=20).
where α is the parameter that controls the amplitude of the sine wave and n is to change the number of wavelength. The plates are subjected to uniaxial compression load in y direction. When increasing the number of wavelength, the plate surfaces are more complex and it is required mesh refinement to obtain convergence solution. In this works, the mesh of 6×6 quadratic NURBS elements is used for α = 0, 12×12 quadratic NURBS elements for α = 0 and n=1,2 and 3.
The effects of the amplitude parameter α and the number of wavelength n to the critical load of the plates will be investigated. The obtained bifurcation behavior in nonlinear buckling analysis is given in Fig. 14 and Fig. 15 for the isotropic plate, and Fig. 16 and Fig. 17 for the cross-ply laminate. It can be remarked that α and n slightly affect the buckling and postbuckling path of the isotropic plates while the buckling load of the cross-ply laminate significantly fluctuates depended on these parameters. In details, when the wavelength is fixed at n = 1 and increasing the amplitude of sine wave, Fig. 16 , the critical load of the cross-ply laminate dramatically drops in comparison with the laminate of uniform thickness. On the other hand, when the amplitude of sine wave is fixed at α = 0.1 and changing the shape the plates by increasing the number of wavelength, buckling load of the cross-ply laminate decreases considerably (n=1), but it rises again and approaches a certain value close to the critical load in case of uniform thickness (n=2,3), see Fig. 17 .
Conclusions
Nonlinear bending and buckling analysis of symmetric composite plates of variable thickness based on the framework of isogeometric analysis were pre-sented in this work. Control thickness parameters were introduced to approximate the thickness which varies over the plates. This allows us model smooth non-uniform surfaces while using plate theories for analysis. Numerical examples were provided to illustrate the accuracy and applicability of the method as well as present some interesting features in nonlinear analysis of isotropic and laminated composite plates of variable thickness. According to the present method and obtained numerical solutions, some conclusions could be drawn:
(i) The approach successfully obtains nonlinear bending and buckling behavior of variable thickness composite plates. Numerical problems of isotropic and laminated composite plates with different kinds of thickness changes were defined, giving reliable solutions in comparison with other reference methods.
(ii) Nonlinear analysis should be carried out in designing plates of variable thickness, especially composite laminates whose critical load could considerably decrease in comparison with ones of uniform thickness having the same volume. 
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